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Abstract. The waveform relaxation methods based on Runge-Kutta methods for solving

implicit differential-algebraic equations are proposed. Convergence of the iterative pro-
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1 Introduction

We consider the implicit differential-algebraic equations (DAEs)
{

f(t, ẏ(t), y(t), x(t)) = 0, y(t0) = y0,
g(t, y(t), x(t)) = 0, t ∈ [t0, tT ], (1)

where y(t) ∈ Rm and x(t) ∈ Rn are given. Functions f, g are sufficiently
differentiable and we denote f = (f1, · · · , fm)T and g = (g1, · · · , gn)T in
this paper. In order that System (1) is index one problem we suppose
‖(gx(t, y(t), x(t)))−1‖ ≤ M in a neighbourhood of the exact solution. Further
the initial values y0 and x0 are consistent with (1), i.e. g(t0, y(t0), x(t0)) = 0,
that System (1) has a unique solution. Many dynamical systems can be
described by the above DAEs of index-1.

Denote the Jacobian matrices Kf := fu(t, u, v, w), Jf := −fv(t, u, v, w),
Pf := fw(t, u, v, w),Kg := gu(t, u, v) and Jg := gv(t, u, v). The pair of
matrices {Kf , Jf + PfJ−1

g Kg} is said to be a stable pair, if the eigenspec-
trum σ(Kf , Jf + PfJ−1

g Kg) of the pencil (Jf + PfJ−1
g Kg) − λKf is in the

non-positive half-plane; that is, the characteristic equation det(λKf − Jf −
PfJ−1

g Kg) = 0 has only zeros in the non-positive half-plane. In the conver-
gence analysis of iterative method for solving the numerical discretization of
DAEs (1), the property of matrix pairs will play a central role.

A large class of numerical discretization of DAEs (1) can be implemented
by Runge-Kutta (RK) methods. LetYn = (Yni) ∈ Rsm, Xn = (Xni) ∈ Rsn,


